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1. Introduction

From ageometricpoint of view, the applicationof moduli spacetechniques
to the computationof quantumscatteringamplitudesa la Polyakovfor super-
stringsrequiresthe introductionof the notion of superRiemannsurface(also
calledSUSY-curve)[13]. Thesestructuresaremostconvenientlystudiedwithin
the frameworkof Berezin—Leites—Kostant’sgradedmanifolds;physicssuggests
to define a SUSY-curveas a family of complexgradedmanifolds of relative
dimension(1,1),additionallyendowedwith aconformalstructure.

In thispaperwecompletethework westartedin ref. [5], wherewe considered
somefactsconcerningline bundlesoverfamilies of ordinaryRiemannsurfaces.
Herewe provea versionof the Gauss—Bonnettheoremsuitableto the context
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of SUSY-curves,anddiscussthe validity of a flatnesstheoremfor SUSY-curves
(cf. refs. [2,6]). With “flatnesstheorem”we refer to the classicalresult that a
holomorphicline bundle on a Riemannsurfaceis flat if and only if its Chern

classvanishes.Oneshouldnoticethat the conformalstructureof a SUSY-curve,
as opposedto families of (1,1) dimensionalcomplexgradedmanifoldswithout
additional structures,providesessentialtoolsfor dealingwith theseproblems.

The contentsof thispaperare as follows. In section2 wepresentthe extension

to the gradedcaseof some conceptspertainingto families of manifolds; this
includesa relativegradedde Rhamtheory, the notionsof a relativeBerezinian
sheafand fiberwise Berezin integration, a relative graded Serreduality, and
a suitable relative Picard theory. In section 3, after recallingthe definition of
SUSY-curve,we showhow on suchobjectsa Bereziniandifferentialcalculuscan
be developed;onecanevenintroducea relativede Rham—Berezintheory.

The last sectionis devotedto the demonstrationof the announcedresults;in
particular, the statementof the Gauss—Bonnettheoremrequiresthe consider-
ation of confortnalconnectionsover the SUSY-curve.The transpositionof the
flatnesstheoremto the graded settingrequiressomecare. Indeed, undervery
generalassumptions,which are, for instance,satisfiedby the moduli spaceof
SUSY-curves,the relativeflatnessof a relativeline bundleis sufficient, but not
necessary,to ensurethat it hasvanishingrelativeChernclass.In order that rel-
ative flatnessis also a necessarycondition one needsstrongerassumptions,as
we shalldiscussin detail.

Someof thesenotionsandresultsalreadyappearedin ref. [6], eventhoughthe
treatmentgiven thereis lesssystematicandprecise;for instance,the transition
from the absoluteto the relative caseis not obtainedsimply by replacingthe

sheafcohomologyfunctors by the higher direct image functors. The caseof
a family of gradedmanifolds is intrinsically different from the caseof a single
gradedmanifold,basicallybecausethereis no notionof“local splitness”which is
compatiblewith the family structure[16,20]. Thus,severalconceptsin complex
geometrydo not seemto admita straightforwardgeneralizationto this setting,
as for instanceGrauert’scohomologybasechangetheorem.

2. Graded families and line bundles

2.1. GRADED COMPLEX FAMILIES

Let us startby statingsomefactsaboutgradedmanifolds.We shall denoteby
(X, 13x) acomplexanalyticgradedmanifold [141, andby (X, Ox) the underly-
ing complex analyticmanifold. The structuralepimorphism/3x —~ 0x induces
anexactfunctorfrom thecategoryof Bx-modulestothecategoryof Ox-modules,
which is realizedby the tensorproduct ®rs~Ox,andwill be denotedby a tilde,
i.e., M M ®tSx 0X•
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A gradedBx-module M is said to be coherent [17,191 if every x E X has
a neighborhoodU such that MI u is finitely generated,andthe kernel of any

morphism B~’~~J—~ ~ is locally finitely generated.The sheavesB~,J”are
themselvescoherent.If it (X, !3x) —* (Y,By) is a propermorphismof com-
plex gradedmanifolds (which meansthat the underlyingmorphismX —~ Y is
proper), andM is a coherentsheafof gradedBx-modules,then for all k � 0

the sheafRkm~M(the kth higherdirect imageof M) is a coherentgradedBy-
module.

We saythata morphismit: (X,Bx) —÷ (Y,By) isflat if it*Bx is a flat graded

By-module (thenTh*Bx is locally free overBy).

Definition 2.1. A family of complexanalytic gradedmanifolds is a properand
flat submersionit : (X, Bx) —~ (Y,By) such that the underlying morphism
it: (X,Ox) —* (Y,Oy) is a family of complexmanifolds.~‘

Thisdefinition is tailoredsoas to includethe moduli spaceof SUSY-curves
(cf. ref. [10]). The structuresheafBX~of the fiber overy is given by Bx~=

Bx~x~®(5~)~k(y), with k(y) = (By)y/my C, wherem~is the maximal ideal
of (By)y.

The relative dimension of the family is the pair of integers (n, n’) =

dim(X,Bx) — dim(Y,By),which is alsothe dimensionof eachfiber.
The following vanishingtheoremholds.

Proposition 2.2. Let it: (X,Bx) —* (Y,By) be a family ofcomplexgradedman-
ifolds, ofrelative dimension(n,n’). Then Rkm~13x= Ofor allk > n.

ProofLetAlbethenilpotentideal of By,and,for thesakeof brevity, letusdenote

= Rkit*Bx. One can prove that Mk Rkir~Oxby resolvingBx with an
injectivecomplex1 of 13x-modulesandnoting that T• is a resolutionof Ox
by injectiveabeliangroups,which can be u~edto computethe sheavesR”ir*Ox
(cf. ref. [7], theorem2.4.1). Now, Rk7r~Ox= 0 fork > n for the vanishing
theoremfor the underlyingordinary complexfamily, so that Mk/AIMk = 0;
sinceBy is a sheafof local rings, andMk is finitely generatedas it is coherent,
we mayapply thegradedNakayamalemma [3] to obtainMk = 0 for k > n.L1

One defines in the obviousway the sheavesof relative graded derivations
and relativegradeddifferentials,denotedby Ver (Bx/By) and ~BX/BY; for any

fiber (X~,Bx~),the sheaves~ of gradeddifferentialsareobtainedfrom the

~ We recall from ref. [5] that a family of complex manifolds is a proper and flat submersion

(X, Ox) —~ (Y,Oy) whosefibers are universally connected.
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sheafof relativegradeddifferentialsas in the non-gradedcase,by restrictingand
tensoringby k(y).

A similardefinition offamilyofrealgradedmanifoldscan be given, and, as a
matterof fact, any family of complexgradedmanifoldshasan underlyingreal
family it : (X, Ax) —~ (Y,Ày) (for convenience,the sheavesAx andÀy are
consideredto be the complexificationsof the structuresheavesof the relevant
realgradedmanifolds).We denoteby ~~/A thekth exteriorpowerof the sheaf

of relativesmoothgradeddifferentials,andcall relative k-formsits sec-
tions. Onecanintroducea relativegradeddeRhamtheoryas in the non-graded
case [51,by consideringa relative gradeddifferential d,. ~A~/A~ ~Ax/Ay’

and relativegradeddeRhamsheavesDRkA/A it*4X/Ay/drit*Q~I’A, where

denotesthe closed relativek-forms (cf. ref. [18]). One canprove for
thesesheavesresultsanalogousto the non-gradedcase:thereis a sheafisomor-
phismDRkA/A R’~it~it’Ay (cf. ref. [16]), andthe projectionp :

inducesa commutativediagramof C-modules

F(X,Z~,~) ) Hk(X,C) F(Y,Rkit~C)

(2.1)

F(Y,it*4/A) F(Y,DR~X/AY) )

Remark2.3. The relativegradedde Rhamsheavesdo not coincide with the
relativedeRhamsheavesof theunderlyingordinaryfamily, contraryto the case
of a singlegradedmanifold, wherethe gradedandordinaryde Rham theories
do coincide [9]. This is in somesensereminiscentof what happensin the case
of supermanifoldsmodelledover Grassmannalgebras,cf. refs. [1,31.

A family of real gradedmanifolds is saidto be orientable if the underlying
family of differentiablemanifoldsis orientable;in thissense,anyfamily of real
gradedmanifolds underlyinga family of complexanalyticgradedmanifoldsis
canonicallyoriented.

2.2. FIBERWISE BEREZIN INTEGRATION

Let it: (X,Bx) —* (Y,By)be a family of complexanalyticgradedmanifolds
of relativedimension(n,n’). Let {w1,z1,

t/k, O~}be a relativecoordinatesystem,
that is, a set of sectionsof Bx, with the w, z

1’s evenandthe ~ 01’s odd, such
that {wE,~k}are coordinateson (Y,By) and {z1,O1} are coordinateson the
fibers (X~,Bx~).Onehasbases{13/0z1,3/OO1} ofVer (Bx/By)and {dz~,dO1}
of ~ (thesecan be consideredalsoas basesfor VerBx~and~ ).
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Definition 2.4.TherelativeBereziniansheafofthefamily it: (X, Bx) —+ (Y,By)
is the BereziniansheafBerB5/B~associatedwith the locally free Bx-module

Up to achangeof parity,onecandescribeBer5~i81as thecohomologygroup
H(K) of the Koszul complexK = SJ~X(HQ~X/BY~ (~~~)“) [14], where
H is the parity changefunctor, and V denotesthe dual module; in this sense
onedenotesby [dzi . dz~®a/aO’ . . . ~/9O,~] thelocal basisof Ber8~/B~cor-
respondingto a relativecoordinatesystem{w1, z1,~ O~}[asamatterof fact,
Ber~~j~1H°H(K)]. Thus, if {w,’, z~,ij~,0} is anotherrelativecoordinate
system,onehas

/ a a a a

dz1 . . .dz,~® •.. ~— = dz~. . .dz0® ~ ~-~---- BerJ, (2.2)
whereJ is the Jacobianmatrixof the coordinatetransformation,andBer is the
Berezin determinant.

For an orientedfamily of real gradedmanifolds it : (X, Ax) —~ (Y,Ày) of
relativedimension(m,m’), the sectionsof the correspondingBereziniansheaf
BerA~/A~(definedasin thecomplexanalyticcase)canbeinterpretedin anatural
way as “gradedvolume forms” on the family, andonehasaJlberwiseBerezin
integration

f : it~BerA~/A~. Ày, (2.3)
Ax/Ày

which is definedas follows (cf. ref. [11], andalsoref. [4] for the absolutecase).

Definition 2.5.
(1) Let {yj, x3,~ v1} be a relativecoordinatesystem,andlet w be asection

of it,~BerA~,A~suchthat

ü~ [dxidxmø~]~fap(y,x)izavp,

wherethe f~,fl’sare sectionsof Cx, a, /3 are multi-indices of the type /3 =

{fli,...,/3~}withl <fl~< < /3~<m”,andvfl = vfl1A•’Avp~. Then
onedefines

f w = ~ (f f~ dx1 .. dxm~
Ax/Ày ~ \ xiy J

where~ is the multi-index {l, 2,. . . , m’}, and is the fiberwiseintegration

[5] of sectionsof thesheafit~Q~~,.

(2) Foragenericsectionw, onedefinesfA/A by additivity, usingapartition

of unity and (1).
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2.3. RELATIVE SERRE DUALITY

Let it : (X, B~)—~ (Y,By) beafamily of complexgradedmanifoldsof relative
dimension(n,n’). In this context,the BereziniansheafBera~in~,analogously
to the sheaf/CX,/ y of relativeholomorphicn-formsin the non-gradedcase,plays
the role of dualizing sheaf; that is, if M is a coherentBx-module, thereis a
canonicalisomorphismof By-modules[15,16,201

Rit~R7-(om8~(M,Ber~~/a~(—n))R7-Io,n8y(Rit*M,By). (2.4)

Thisassertioncanbeprovedas in the non-gradedcase[81, andoneobtains
in particular (cf. ref. [51)

R”it~BerB5/a~(it*Bx)”. (2.5)

2.4. THE PICARD GROUP OF A GRADED FAMILY

A line bundleovera complexgraded manifold (X, Bx) is a locally free Bx-

moduleeitherof rank (1,0) or (0, 1); the parity changefunctorH establishes
a one-to-onecorrespondencebetweenthe groupsof isomorphismclassesof line
bundlesof fixed rank. The Picardgroup of (X, Bx) is the groupPic(X, Bx) of
isomorphismclassesof line bundles,disregardingparity.

On the analogyof thenon-gradedcase,the elementsin Pic (X, Bx) arechar-
acterizedby techone-cocyclesof the sheaf(Bx )~ (invertible andevensections
of Bx), called transitionfunctions,andthereis an isomorphismPic(X, Bx)
H’ (X, (Bx)~). If (X, Ox) isthecomplexanalyticmanifold underlying(X, Bx),

the structuralprojectionBx —~ ox inducesa morphism

Pic(X,Bx) —* Pic(X), £ ~-* £ ®~5Ox ~, (2.6)

which has,ingeneral,akernelandacokernel.In theparticularcasethat (B~)~

O~,(2.6) is of coursean isomorphism [for instance,this happensif the odd
dimensionof (X, Bx) is 1].

One can, however,identify the Chern classesc1 (L~)= c1 (1) ~ H
2(X,Z),

wherec
1 (L) is definedasminusthe image of £ ~ Pic(X,Bx), via thecohomol-

ogy morphisminducedby the first line of the commutativediagram

0 (Bx)o exp2iri (Bx)~ 0

I ; (2.7)

0 i ~ exp2ri _____ 0

the desiredidentificationis thenprovidedby the cohomologydiagram induced
by (2.7).

The conceptof Picardgroupandrelatednotionsin the gradedsettingcan be
extendedto the contextof families, exactly ashappensin the non-gradedcase
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[51.The relative Picardsheafof the family it : (X, B~)—* (Y,By) is the sheaf
R’it~(Bx)~the (restricted) relative Picard group is the spacePic(Bx/By) =

T(Y,R1it~(Bx)~),and there is a functorial morphism ~ : Pic(X, Bx)
Pic(Bx/By), £ ~ [L]. The relative Chern class c

1 is minus the morphism
R’it*(Bx)~—~ R

2it~Zinducedby (2.7) (if the underlyingcomplexfamily is
a family of Riemannsurfaces,the Chernclasscanbe regardedas a sectionof
R2it~C);one denotesin the sameway the correspondingmorphismbetween
spacesof global sections,andone provesthat c

1 is functorial andcommutes
with / as in the non-gradedcase.A sectionof R’it~(Bx)~is saidto beflat if it
lies in the imageof the sheafmorphismR

tit*it~(By)~—~ R’it*(Bx)~induced
by the naturalmorphismit1 ~ ‘—p (Bx)~.

3. SUSY-curves

3.1. BASIC DEFINITIONS

Let us recall a brief motivation, in terms of conformal structures,of why
a “superRiemannsurface” is not simply a (1,1) dimensionalcomplexgraded
manifold.In the ordinarycase,givenatwo-dimensionalmanifoldX, thecomplex
structureson X arein aone-to-onecorrespondencewith the conformalclasses
of Riemannianstructureson X, andconformalchangesof the metric structure
correspondto holomorphicmaps,i.e., they map the vector field a/az into a
multiple of itself. Onemight wonderwhat is the analogof this situationin the
gradedcase.If (X, Bx) is a complexgradedmanifold of dimension(1,1), with
local coordinates(z,0), locally the evenvectorfield a~az hasan odd “square
root”: ifD = a/aO+Oa/az,thenD2= a/az.We saythat(X,Bx) is endowed
with a conformalstructureif the local D’s definea global rank (0,1) submodule
of the tangentsheaf(onecanequivalentlyrequirethe existenceof amaximally
non-integrablerank (0,1) submoduleof thetangentsheaf,andthenprovesthat
thatsubmoduleis locally generatedby D). Thus,in the gradedcaseaconformal
structureis richer thanacomplexstructure,andit comesout that in order to
extendto the gradedsettingseveralclassicalconstructionsone needsindeeda
conformalstructure.

Definition 3.1. A gradedRiemannsurface,or SUSY-curve [13], is a family of
complexgradedmanifolds it : (X, Bx) —~ (Y,By) of relativedimension(1, 1),
endowedwith a locally free rank (0,1) subsheafV of T~er(Bx/By), suchthat
the morphism

V®
5xV [,]modV Ver(Bx/By)/D (3.1)

is an isomorphismof gradedBx-modules.

Here [ , ] is the gradedLie bracket.The subsheafV is called a conformal
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structure; we shallbriefly denotea SUSY-curveby (X/Y,V). For any y e
the subsheafV~= VI~ ®(By)y k(y) ofVert3x~endowsthe fiber (X~,Bx~)of a
SUSY-curve(X/ Y, V) over y with the structureof a SUSY-curve (asa family
over the pointy), which we denotebriefly by (Xv, Vp).

We would like to recall someresultsaboutSUSY-curves,which relatedefini-
tion 3.1 to the more intuitive notionsof SUSY-curveas suggestedby analogy
with the non-gradedcaseor by physicalmotivations(proofs canbe found in
refs. [10,12,13]).

Lemma3.2. AnySUSY-curve(X/Y,V) admitsrelativecoordinatesystems{w~,z,

~k’ 0}, calledconformal,suchthat V is locallygeneratedby the oddderivation

D=~+0~—. ~ (3.2)

We shalldenoteconformalcoordinatesby (z, 0), andcallconformalthe co-
ordinatechangeswhich preserveconformalcoordinates.A simplecomputation
showsthat conformalchangeshavetheform

= ~(z)+0~(z)~/~ + ~(z)~ =

0’ = w(z)±0f~~+ ~(z)~,

where~, (çt,) is aneven (odd)holomorphicgradedfunctionwhich additionally
dependson the coordinatesof (Y,By).

If the “parameterspace”(Y,By) hasno odd parameters(i.e., it isan ordinary
manifold), thenthe SUSY-curveis split, namely, thestructuresheafof the total
spaceis an exterioralgebra.

Lemma3.3. Let it: (X,Bx) —~ (Y,Oy) be afamilyofcomplexanalyticgraded
manifoldsofrelativedimension(1, 1), with (Y,Oy) an ordinary complexmani-
fold. Then:

(i) Bx AQL, whereL is a line bundleon (X, Ox);
(ii) the specificationof a conformalstructureV on thefamily is equivalent

to L beinga “relative spin structure” on (X, Ox), that is, to an isomorphism
L ®Q~ L ,cx,jy,whereKx/y is thesheafofrelativeholomorphicone-differentials
on (X,Ox); moreover,onehas V* L ®~. HBx. LI

Notice that the particularcaseof a SUSY-curveovera point (for instance,
the fiber of a genericSUSY-curve)satisfiesthe hypothesesof this lemma.

Proposition 3.4. If(X/Y,V) is a SUSY-curve,there is a canonicalisomorphism
ofBx-modules

-~-~ Ber~1~,. (3.3)
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Proof In conformal coordinates(z, 0), the moduleVV hasa local basis [dO]
givenby the imageof dO e undertheepimorphism~~

5/B~ VV (dual
of the natural inclusion),andBerBx/By hasa basis [dz ® a/aol. Onedefines
the isomorphism(3.3) locallyby letting [dO] ~ [dz ® a/aU], andprovesthat
it doesnot dependon the choiceof the conformalcoordinates. LI

3.2. BEREZINIAN CALCULUS

If it: (X, Bx) —~ (Y,By) is a family of complexgradedmanifoldsof relative
dimension(1, 1), onecan define,analogouslyto thenon-gradedcase,thesheaves
ofsmoothrelative (p,q )-forms,

Qp,q = (Ax ®isx (QZ~x/By)P)®~ (Q~~/~y)~, p,q = 0,1, (3.4)

where (X, Ax) is the gradedsmoothmanifold underlying (X, Bx), andabar
denotescomplexconjugation.Moreover,Q”°~ Q°’

1 QAA~IA~.,andthe graded
relativedifferential inducesdifferentialoperators

ar:Ax—*Q”°, 3r:Ax~Q°”. (3.5)

However, relative(p, q )-formsarenot the correctformsto constructa differen-
tial calculus,becausethereareno top-degreeforms, andthey arenot relatedto
“fiberwise integrableobjects”.Therefore,it is convenientto definea new kind
of forms in termsof Bereziniansheaves;suchformsarenaturally defined,and
existonly, on SUSY-curves.

Definition 3.5. Let (X/Y,V) be aSUSY-curve,dr : Bx —~ Q~~/~ythe (graded)
relativedifferential,and~ : ~ —~ V” Ber

8518~thenaturalepimorphism.

The holomorphicBerezindifferential~ is the it’By-linear morphism

= ~odr:Bx_+Ber8~15y . (3.6)

In a conformalcoordinatesystem (z,O) onehasl~f = [dz ® a/aO]D(f),
withDasin (3.2).

Lemma 3.6. Thereis an exactsequenceofit
1By-modules

0 it~By Bx ~ BerB
5/B~ 0. (3.7)

Proof It is enoughto prove exactnesson the stalks,which permits us to use
conformalcoordinates(z, 0). Trivially, a sectionf in it

1 By satisfies~f = 0;
furthermore,0 = l~f = [dz ® a~aOlD (f), with f = fo (z) + 0f~(z), implies
thataf

0/az= 0 andf, = 0, sothat f is a sectionof it’By. To conclude,one
verifies that the sectionf = f g1 (z) dz + fig0 (z) of Bx is a pre-imageof the
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section [dz®a/aO](g0(z) + Og,(z)) ofBerB~/~~under/I (where fdz isthe
indefinite pathintegral). LI

Sinceone alsohasthe exactsequenceof it’By-modules
ci,

0 —~ it By —~ Bx —~ Z~7~—~ 0,

onecanidentify the sheavesBerB~/B~and as it’By-modules;however,
this isomorphism shall be regardedin a senseas accidental,and will not be
exploitedin the sequel.

Definition 3.7. We definethe sheavesof Berezin(p, q)-formsasthe sheavesover
x

= (Ax ®a~(BerB~/B~)P) ~ (Be~~~in~)~ p, q = 0, 1 . (3.8)

Sectionsof thesesheaveshaveelsewherebeencalled (p/2, q/2)-differentials
[6].

Lemma 3.8. Thereis a canonicalisomorphismofAx-modules
Al,! Al,O ,aO,1

= ~ ®Ax ~ ~ erA~/A~

Proof In conformal coordinates(z,O) the Ax-module A”
1 hasa basis [dz ~

0/00] ® [d~ ® O/~O],and BerAx/Ay has a basis [dzd~ ® 0/000/00]. One
defineslocally this isomorphism by letting [dz ® 0/00] ® [d± ® 0/00] ~

[dzd± ® 0/00~/O0], andthenprovesthat it is independentof the choiceof
conformalcoordinates. LI

TheepimorphismQ : ~ Ber~~~nyinducesepimorphisms
0p,q : Qp,q

Ar”; composingwith the differential operatorsOr andfIr [cf. (3.5)] onehas:

Definition 3.9. The morphisms

~~“°°Or:Ax~A”°, ~Q°’
1°0rAx~A°”

arethe smoothBerezindifferentials.

Thedifferential ó is Bx-linear, while ~ is Bx-linear. In conformalcoordinates
(z, 0) the expressionof the smoothBerezindifferentials is

~5f= [dz®O/O0]D(f), 5f= [d.~®O/00]D(f).

Proposition 3.10. ThereareexactsequencesofBx-modulesand~x-modules,re-
spectively,

ci 01 — ci 10
0~Bx~Ax~A’ ~0, 0~Bx~Ax~A’ ~0.
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Proof Oneprovesthe exactnessof thefirst sequence(thesecondisanalogous)in
thestalks,which allowsus to useconformalcoordinates(z,0). 1ff is a section
in Bx, in the inducedcoordinates(z, .~,O,0)in Ax it doesnot dependon ±
and 0, so that ~f = 0; moreover,0 = of = [d~ ® a/aO]~(f),with f =

f0(z,~)+ 0f,(z,~)+0f2(z,~)+ 0~f3(z,~),implies Dfo/3±= af2/a±= 0
andf2 = f~= 0, so that f is a sectionof Bx. Finally, Ô is surjectivebecauseit
is the compositionof surjectivemorphisms. LI

We extendthe smooth Berezin differentials to morphsms 0 : A°”—* A”
and0 : A”° —* A” by letting 0(f ® /i) = Of ® ö andO(f ® w) = Of ® w.
In conformal coordinates(z,O), this implies O([d~® 3/a0]g) = —[dzd±0
3/303//3O]D(g),andO([dz ®a/aO]g) = —[dzdz ®a/aOa/aO]D(g).

Thus, the smoothBerezin differentials act as sheafmorphisms

0: ~ —~ p = 0, q = 0,1,

~ ~~P,q+

1 p = 0,1, q = 0.

Lemma 3.11. The identity 0 o ó + 5 o 0 = 0 holds.

Proof Theclaim reducesto proving the easyidentity D a D + D a D = 0. LI

Proposition 3.12. Thefollowing sequencesofBx-modulesand ~x-modules,re-
spectively,are exact:

10 ~O—*BerBX/~Y-~+A’ *A’ —*0,
Olci 11

O~~#BerBX/BY~~+A’~A’ *0.

Proof Onetensorizesthe exact sequencesin proposition3.10 by ®~xBer5x/By
(or ~ Bern~~ay). LI

Definition 3.13. The (relative) de Rham—BerezinsheafDRB~
7yof the SUSY-

curve (X/ Y,V) is the sheafover Y

41,!it*
= — ~ Oit~A°”



280 U. Bruzzoand J.A. DomInguezPerez/ Line bundlesover Riemannsurfaces

TherelationshipbetweentherelativedeRhamsheafandthedeRham—Berezin
sheafcanbe establishedby constructinga morphism

W: Z~x/Ay—~ A” (3.9)

as follows: a section~ of Z~x/Ayis locally ~ = d~wfor a sectionw of

(Poincarelemma);then, if w = w1’0 + w0’1 with ~ a sectionof Q1’c~’, one
defineslocally W by the formula

W(~)= 5(~”°(w”°))+

This definition is in fact global, because,if~ = dew’,with aY = w + d~fand
f a sectionofAx, one hasO(

0
1’°((drf)”°))+ O(Q0! ((drf)°”)) = 0.

Composingthe morphismit*4~/~y—+ it~A” inducedby (3.9) with the pro-

jection onto the quotientDRB~
1y,one obtainsa sheafmorphismit*

4x/Ay

DRBx
1y;aneasycomputationshowsthat it factorizesthroughDR~/A;taking

global sections,onehasa commutativediagramof C-modules,

F(X~Z~x/Ay) T’(X,A”)

I . (3.10)

F(Y,DR~/A) F(Y,DRB~1y)

Proposition 3.14 (Stokestheorem). Let rand~ besectionsofit~A”°andit~A°”
respectively.Then

[ ~r= / O’r’=O.
fAx/Ày JAx/Ay

Thus,fiberwiseBerezinintegrationinducesa morphism

f
Ax/Ày

Proof It is enough to prove this result when, after choosingconformal coor-
dinates (z,0), one has r = [dz ® 3/30]f and ~‘ = [d± ® a/aO]g, with
f,g sectionsof Ax; then ‘Ax/Ày Or = fx/YD(f)oo~~ and fAx/Ày O~=

fx/yD(g)o~d~~ Oneverifies that~(f )00-dzA d~andD(g)00dzA d~are
ordinaryrelativetwo-forms,exactwith respectto dr, andoneprovesthefirst as-
sertionfrom Stokes’ theoremfor fx/y~Thisyields amorphismfrom thequotient
presheafit~A!!/(ôit~A!O~ Oit~A°”)into Ày, andoneconcludesby factorizing
through the associatedsheafDRBx1y. LI
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4. Line bundlesover SUSY-curves

4.1. FLATNESS THEOREM

Let (X/Y,V) beaSUSY-curve.In orderto deriveacharacterizationof theflat
sectionsof the relative Picard sheafR’ it~,(Bx)~,which parallelsthe analogous
result in the non-gradedcase, let us consider the commutative diagram

0

I
Ber85/13

(4.1)

0 >1
13x B~. >0

I I
0 7r~13y ir’B~~ 0

Applying thehigherdirect imagefunctor,onehasR27t*13X = 0, sothat from the
central vertical sequenceone obtains an epimorphism

a: R’it~Ber8~/5y—* R2it*it~By, (4.2)

andfrom the bottomhorizontalsequencea morphism

/3: R2ic~7L—~R2ir~it~B~.

Lemma 4.1. Themorphism/3 is infective.

Proof After taking derived functors in the commutative diagram

__ 1

I I
it~By it’Oy

theclaim follows from the analogousresultin the non-gradedcase([5], lemma
3.10). ‘‘
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From (4.1) onehasthereforethe commutativediagram

0

I
R2it*it’By

R’it~Bern~/~~

I
________ I C> 2 ________R it~Bx R it~B~ R it~Z 0

I I
R’it~it’By R’it~it’B, 0

Restrictingthis diagramto theevenpartsof the modules,onecandeduceby sim-
ple diagramchasingthat anyflat sectionof the relativePicardsheafR’ it~(Bx )~

hasa vanishingrelativeChernclass.
In orderto provethe converse,oneshoulddemonstratethat theepimorphism

00 : R’it~(Bera~/Z
3~)o—* R

2it~it’(By)
0is bijective. However, this is false in

general;it is possiblefor instanceto constructSUSY-curveshavingthefollowing
properties:

(i) the basespaceV is a point, so that the derivedfunctorsreduceto coho-

mology groups;
(ii) dim H’ (X, (Ber13~/n~)o) = 2, while dim H

2 (X, it~’ (By)~)= 1.
Suchan examplecan befound in ref. [6], page294.

A conditionassuringthat 0 is an isomorphismis the analogof the universal
connectednessthat we haveassumedin the ordinary case, namely, ir*Bx
By.#2 The proof that underthis conditiona is in fact an isomorphismgoesas
in the ordinarycase(cf. ref. [5], lemma 3.9).

Thus,we arrive at the following result.

Theorem4.2. Let (X/Y,V) beaSUSY-curve,andassumethatit*Bv By. Then,
anvv E Y has an open neighborhoodV such that a sectionofR1it*(Bx)~hasa
vanishingrelativeChern class if and only if it is flat. LI

Remark4.3. The factthat themorphism00 is notbijectiveimpliesthatananalog
of Grauert’scohomologybasechangetheoremdoesnot holdfor SUSY-curves.

#2 One should notice that the moduli spaceof SUSY-curvesdoesnot fu!fi!1 sucha requirement.
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Indeed,if sucha theoremheld,onewould have

R!it~Ber13~/13y®13yk(y) H’(X~,,Ber13~).

Since BerB~ icx~+ K~/
2,with ~c~/2a spin structureover the fiber X~,,one

has R!it~Ber
13~/13y®13yk(y)C~C~,where either q = 0 or q = 1 for a

genericpositionin the moduli space.On theotherhand,R
2it~it - 1By®8yk (Y)

(B~)
5®(By)y k(y) C. Restrictingto evenparts,the Nakayamalemmawould

imply that a is bijective.

4.2. CONFORMAL CONNECTIONSAND GAUSS-BONNET THEOREM

Let (X, Bx) be a complexgradedmanifold, and£ a line bundleover it. As
in the ordinary case,one can prove that c1 (L) = (i/2it) [K], where [K] is
the de Rhamcohomologyclassof a (smooth) curvatureform K on £. A pro-
cedureanalogousto that employedin ref. [5] for families of complex mani-
folds allows us to define, for a family of complex analytic gradedmanifolds
it : (X,Bx) —* (Y~B~),a (smooth)relativegradedconnectionover£ as a mor-
phism of C-modulesVr : £ —* Q~~/~y®13x £ which satisfiesthe Leibniz rule
Vr(f ci) = d~f®a+ fVr(a). The curvatureKr of a relativegradedconnection

Vr is theC-modulemorphismKr = : £ ~AX/AY ®i3x £, which is Bx-linear

anddeterminesaglobal sectionKr of~.L/A~ thisisclosedundertherelativedif-
ferential,that is, Kr E T’(X,Z~x/Ay)~and its projection [Kr] E T’(Y, DR~X/AY)

doesnotdependon the relativeconnectionover £. If [L] denotesthe imageof
£ in Pic(Bx/By), onehasan identification (relative Gauss—Bonnettheorem)

c1([r]) = (i/2it)[Kr] EF(Y,DR~~/A~), (4.2)

where c1 [Li] ~ F(Y,R
2it~C) is regardedas a section in F(Y,R2it~it..,Ay)

F (Y, DR~~/~y)~
Whenthefamily underconsiderationis a SUSY-curve,it is possibleto state

this result in terms of fiberwise Berezin integration, analogouslyto the non-
gradedcase.An addeddifficulty in this context is that the elementsin F ( Y,
DR2Ax/Ay)are not fiberwise integrable,so that it is necessaryto definea new
kind of connections,whosecurvatureforms are Berezinforms.

Definition 4.4. Given a SUSY-curve (X/ Y,V), let A”” (p, q = 0, 1) be the
sheavesof Berezin (p,q) forms, and let £ be a line bundle over (X,Bx). A
conformal connectionover£ is a pair ~ of evenmorphismsof graded
it~ By-modules

~:~~A”°®
13x~, ~:r~A°”®8x~

satisfyingthe Leibniz rules

V(f a) = Of®a +f~(a), V(f a) = Of ®a +f~(a)
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for all sectionsci of £ andf of Bx.

Any (smooth) relativegradedconnectionV,. over £ inducesa conformal
connection,by compositionwith the projectionsQ]~1/~y—* Q”° or ~Ax/Ay

Q°” andwith the morphism0p,q :

£ ‘ Q~~/~y®Bx £ £ Vr ~~/A ®13x £

I I
A”°®Bx £ A°” ®13x £

Given an open cover { U,} of X over which £ trivializes, andnowherevan-
ishing local sections{ a, ~ £ (U,) }, we definea set of local conformalconnection
(Berezin)forms{r,, t~}by letting

= r,®a~, ~(a~) =

Denotingby gjj the transitionfunctionsof £, oneprovesthat on U, fl U~

= Ti + gJ’Og,,j, ~ = i~+

theserelationscharacterizetheconformal connection,andpermit oneto show,
by standardpartition of unity arguments,the existenceof conformal connec-
tions.

Onemay extend (V, ~) to a pair of evenmorphisms

A°’
1013x £ A” ®8x £, V: A”° ®Bx £ A” ®13x £,

byletting’~(~’®a)= O(t’)®a—f’®~(a) and~fr®a) =

Definition 4.5. The curvaturek of a conformal connection(~,~) is the mor-
phism

K = V0V+V0V :.C--+.C®
13~A”.

Proposition 4.6. k is a gradedBx-linearmorphism.

Proof By direct computation,usinglemma3.11. LI

In view of this result,k determinesaglobal sectionof A”, which we denote
by K E F(X,A”) again. If the conformal connection(V,~)hasconformal
connectionforms {r,, t~},the local expressionof k is

= + o~.
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If Kr E F (X,Z~/A) is the curvatureof a relativegradedconnectionVr,
an easycomputationshowsthat the curvatureK E F (X,A”) of the confor-
mal connection (~,~) inducedby Vr is the imageof K,. via the morphism

F(X~Z~x/Ay)—+ F(X,A1”) inducedby (3.9).

Lemma 4.7. The image [k] e F(Y,DRBx/y) under the natural morphism
F(Y, it~A”1)—~ F ( Y, DRBx

1y) doesnot dependon theconformalconnection.

Proof Theproofis the usualone:if (~o,~o),~ aretwo conformalcon-
nections,the morphisms

V1 _~o:~_*A”°®BX~, ~i _~0:~~~+AO,
1®B~

aregradedBx-linearandthereforedetermineglobal sectionsr E F(X,A”°)
F(Y,it~A”°)and~‘ E F(X,A°’1) F(Y~it~A°”);moreover,the morphisms

V
1=Vo+tr,

define a family of conformal connections,whosecurvaturesare = +
t(Or + O~’).Then, the sectionOr + O~’E F(X,A”) lies in the kernel of
F(X, A”) —~ F(Y,DRBx1y), whichprovesthe claim. LI

If [Kr] E F(Y,DR~/AY)is the projectionof Kr, in view of thecommuta-
tivity of diagram (3.10) the imageof [Kr] in F ( Y, DRBx1y) coincideswith
[k] E F(Y,DRBx1y), the imageof the curvatureK of the conformalconnec-
tion inducedby V,.. Then,from (4.2) andlemma4.7 oneinfers that

c,([L]) = (i/2ir)[k] EF(Y,DRBX/y),

andby applyingthe fiberwiseBerezinintegrationoneobtainsthe following re-

sult.

Theorem4.8 (Gauss—Bonnet). Let (X/ Y, V) be a SUSY-curve,£ a line bundle
over (X, Bx), let [IL’]be its imagein Pie(13x/By),andlet k bethecurvatureof
any conformal connection over £; then

c1([~J)= (i/2it)J k. LI
Ax/Ày
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